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Long-Term Third-Body Effects via Double Averaging

Roger A. Broucke¤

The University of Texas at Austin, Austin, Texas 78712

We study the long-term effects of a third body on a satellite of negligiblemass. We have in mind to study the luni-
solar effects on an Earth satellite but many other applications can be imagined. We begin with the representation
of the disturbing function in an in� nite series in Legendre polynomials but we truncate it at the second-degree
terms. Our approach consists of a double analytic averaging: with the period of the satellite and with the period of
the third body. We concentrate on using the two important integrals (energy and angular momentum) to discuss
and classify properties of the perturbed orbits of the satellite. For inclinations below 39 deg, the perigee of the
orbits always circulates. There are circular and elliptic orbits but the eccentricity does not vary much. For the
inclinations above 39 deg, the circular orbits are unstable and the eccentricities can increase rapidly but we have
the appearance of new stable orbits: two elliptic frozen orbits with constant eccentricity and � xed perigee location,
at either 90 or 270 deg.

Nomenclature
a = one of the six orbit elements: the semimajor axis
a 0 = semimajor axis of the orbit of the perturbing body
Cz = z component of the angular momentum
C1 = another form of the z component

of the angular momentum
C2 = form of the Jacobi integral
D = angle Ä ¡ M 0

e = one of the six orbit elements: the eccentricity
G = constant of gravity
h = equinoctial element e sin.!/
i = one of the six orbit elements: the inclination
J = Jacobi integral
k = equinoctial element e cos.!/
M = mean anomaly angle of the satellite
M0 = one of the six orbit elements: the mean anomaly

at epoch t D 0
M 0 = mean anomaly angle of the perturbing body
m0 = mass of the central body
m 0 = mass of the perturbing planet
n = mean motion,D average angular velocity

of the satellite
n 0 = mean motion of the perturbing body
OP = unit vector pointing in the direction

of the periapsis of the satellite
Pi j = � ve nonzero Poisson brackets in classical

orbit elements
OQ = unit vector that is 90 deg ahead of OP and in the plane

of the motion of the satellite
R = third-body disturbing function
R0 = zero-order term of the disturbing function in its

expansion in Legendre polynomials
R2 = second-order term of the disturbing function in its

expansion in Legendre polynomials
r = radius vector of the satellite,D distance

to the central body
r0 = radius vector of the perturbing body
Or0 = unit vector along the radius vector

of the perturbing body
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t = time
x; y; z = rectangular coordinates of the satellite
x 0; y0 = rectangular coordinates of the perturbing body

(There is no z0 coordinate because the orbit of the
perturbing body is used to de� ne the x ¡ y plane
of the frame of reference.)

® = dot product of OP ¢ Or0

¯ = dot product of OQ ¢ Or0

° = constant 0:6 D 3
5

± = discriminant of the quadratic equation
¹ = Gm0 , the gravity constant of the central body
¹0 = gravity constant of the perturbing body
Á = latitude, measured on a meridian, from the equator
Ä = one of the six orbit elements: the longitude

of ascending node
! = one of the six orbit elements: the argument

of the periapsis

Introduction

W E describe the problem of the third-body perturbations on
a satellite in a simpli� ed approximate model that has been

double averaged, over the short satellite period as well as with re-
spect to the distant perturbing body. The perturbing body is in a
circular orbit in the .x; y/ plane.

The double-averagedproblem we are treating is completely inte-
grable and much has already been written about it, for instance, by
Kozai,1 Lidov,2 Anderson,3 Lorell,4 and Williams,5 all in the early
1960s. It was already shown by these authors that the solution can
be expressed in elliptic integrals.

In the meantime a large numberof papershave been publishedon
the subject of averaged third-body perturbations.Averaged Hamil-
tonians were given by Kovalevsky,6 Harrington,7;8 and Lidov and
Ziglin.9;10 As for the Harrington Hamiltonian, see also Ferrer and
Osacar.11 Kinoshita and Nakai12 published a paper on the Uranus
satellites, where both the J2 effect as well as the solar effects are
averaged in a single consistent reference frame. The two papers by
Kwok13;14 also use a common frame of reference. The paper by
Collins and Cefola15 gives a high-order recursive third-body aver-
aging formulation.

One of the principal applications of the present study is to eval-
uate the effect of the lunar and solar perturbationson high-altitude
Earth satellites, especially those in nearly circular orbits. Our con-
clusion is that such circular orbits are stable (i.e., remain circular)
only if the mutual inclination with the perturbing body is less than
39 deg. This critical angle (such that cos2 i D 0:60) is sometimes
called the critical inclination of the third-body perturbations. For
all of the orbits with a higher inclination, the eccentricity variation
will usually be large, and circular orbits will rapidly become more
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28 BROUCKE

and more elliptic. In fact, for 90-deg inclination the eccentricity al-
ways evolves from zero to one at such a point that these polar orbits
can never survive for very long times. The practical implication is
thus that the only useful circular orbits in mission design are those
with small inclination. In our simpli� ed model the upper value for
the inclination angle is 39 deg. However in a more accurate model
(for instance, a model with more terms in the Legendre polynomial
expansion) this limiting angle is even less than 39 deg (Ref. 1).
This could probablyalso be veri� ed with a more accurate averaging
model, such as the Halphen method.

As for the principal properties of the solutions of this inte-
grable dynamical system, we will mention the important fact
that there are basically two important classes of orbits, accord-
ing to the sign of an important � rst integral C2 [de� ned later in
Eq. (24)]. When C2 is positive, all of the solutions have a circulat-
ing perihelion: the argument of perigee is always increasing.How-
ever, when C2 is negative the perigee always oscillates around an
average value of either 90 or 270 deg. We call these orbits libra-
tion orbits; their argument of periapsis ! never passes through 0 or
180 deg.

The integral C2 is one of the two important integrals of the prob-
lem, the other being the normalized z component of the angular
momentum C1 D .1 ¡ e2/ cos2 i . When C1 is larger than 0.6, we ac-
tually have stable circular orbits. On the other hand, when C1 is less
than 0.6 we have a family of frozen orbits with constant eccentricity
e and inclination cos2 i D e2 C 0:6, as well as � xed position of the
perigee at ! D 90 or 270 deg.

The following two sections give the disturbing function of the
third-bodyperturbations,averagedonce,over theperiodof the satel-
lite (the short period). This material was taken from Kaufman and
Dasenbrock,16 and therefore no derivationsare given in our present
paper.

Single-Averaged Third-Body Disturbing Function
We recall here the general form of the third-bodydisturbingfunc-

tion truncatedafter the second-orderterm in the Legendrepolynom-
ical expansion,under the assumption that the disturbingbody is far
from the perturbedbody .r 0 À r/, the disturbingbody being outside
the orbit of the perturbed body:

R D ¹0.a2n02=2/.a 0=r 0/3
£¡

1 C 3
2
e2

¢
R0 C .5e2=2/Rc2

¤
(1)

where

R0 D 3
2
.®2 C ¯2/ ¡ 1; Rc2 D 3

2
.®2 ¡ ¯2/ (2)

Here ® D . OP ¢ Or0/ and ¯ D . OQ ¢ Or0/.

Special Case of a Circular Disturbing Body Orbit
We will now limit ourselves to the special case where the per-

turbing body is in a circular orbit with given radius a0 D r0 in the
.x; y/ plane. In this case the problem has cylindrical symmetry
around the z axis in the sense that the mean anomaly M 0 of the
disturbing body enters the problem only through the difference
D D Ä ¡ M 0.

The two dot products ® and ¯ can then be written as

® D Ccos ! cos D ¡ cos i sin ! sin D

¯ D ¡sin ! cos D ¡ cos i cos ! sin D (3)

assuming that

x 0 D a0 cos M 0; y0 D a0 sin M 0; z0 D 0 (4)

Substitution of ® and ¯ in the two expressions [Eq. (2)]
gives

R0 D 3
2 .cos2 D C cos2 i sin2 D/ ¡ 1 (5)

Rc2 D 3
2 [.cos2 D ¡ cos2 i sin2 D/ cos 2! ¡ cos i sin 2D sin 2!]

(6)

In the derivation of the equations of motion, we, of course, need
the partial derivatives of these two expressions with respect to the
orbit elements .i; !; Ä/. Therefore we give here these six partial
derivatives:

@R0

@i
D ¡3

2
sin2 D sin 2i;

@R0

@!
D 0

@R0

@Ä
D ¡3

2
sin 2D sin2 i (7)

@Rc2

@i
D C3

2
cos 2! sin 2i sin2 D C 3

2
sin 2! sin 2D sin i

@Rc2

@!
D ¡3 sin 2! ¢ .cos2 D ¡ cos2 i sin2 D/

¡ 3 cos 2! sin 2D cos i

@Rc2

@Ä
D ¡3

2
cos 2! sin 2D ¢ .1 C cos2 i/

¡ 3 sin 2! cos 2D cos i (8)

Double-Averaged Problem
In this sectionwe beginthe studyof thedouble-averagedproblem,

where we perform the average of the disturbing function (1) with
respect to the mean anomaly M 0 of the perturbingbody, taking into
account the simplifying circular orbit assumptionsof the preceding
section.

We will use the symbol h i to indicate the average with respect to
the mean anomaly M 0. We have the following elementary averages:

hcos M 0i D 0; hsin M 0i D 0

hcos Di D 0; hsin Di D 0 (9)

Using the two trigonometric identities

cos2 D D 1
2
.1 C cos 2D/; sin2 D D 1

2
.1 ¡ cos 2D/ (10)

also allows us to write the two following averages:

hcos2 Di D hsin2 Di D 1
2

(11)

The average of the two terms of the disturbing function can thus
easily be obtained:

hR0i D 1
4 .3 cos2 i ¡ 1/; hRc2i D 3

4 sin2 i cos 2!

which gives the following � nal expression for the double-averaged
third-body disturbing function:

hRi D ¹0.a2n02=16/[.2 C 3e2/.3 cos2 i ¡ 1/ C 15e2 sin2 i ¢ cos2!]

(12)

We notice an important consequence of the averaging process:
the longitude of the ascending node Ä has been completely elimi-
nated. Therefore the problem has basically only three variables: e,
i , and !. The principal consequence of the absence of the angle Ä
from the disturbing function is that the z component of the angular
momentum will be a constant.
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To write down the equationsof motion,we of courseneed the par-
tial derivatives of the disturbing function. The only nonzero partial
of hR0i is

@hR0i
@i

D ¡3
4

sin 2i (13)

The two only nonvanishingpartials of hRc2i are

@hRc2i
@!

D
¡3

2
sin2 i sin 2! (14)

@hRc2i
@i

D C3

4
cos 2! sin 2i (15)

The four equations of motion will be

de

dt
D CP25

@hRi
@!

;
d!

dt
D ¡P25

@hRi
@e

¡ P35
@hRi

@i

di

dt
D CP35

@hRi
@!

;
dÄ

dt
D ¡P36

@hRi
@i

(16)

where the following three Poisson brackets are used:

P25 D
¡

p
1 ¡ e2

na2e
; P36 D

¡1

na2
p

1 ¡ e2 sin i

P35 D ¡cos i P36 (17)

Substituting these brackets in the preceding equations of motion
gives us the following result:

de

dt
D 15¹0n02e

p
1 ¡ e2

8n
sin2 i sin 2!

di

dt
D

¡15¹0n02e2

16n
p

1 ¡ e2
¢ sin 2i sin2!

d!

dt
D 3¹0n02

8n
p

1 ¡ e2
¢ [.5 cos2 i ¡ 1 C e2/ C 5.1 ¡ e2 ¡ cos2 i/ cos !]

dÄ

dt
D 3¹0n02 cos i

8n
p

1 ¡ e2
¢ [5e2 cos 2! ¡ 3e2 ¡ 2]

dM0

dt
D

¡¹0n02

8n
[.3e2 C 7/.3 cos2 i ¡ 1/

C 15.1 C e2/ sin2 i cos2 !] (18)

We immediately see that the right-hand sides of the equations of
motion contain essentially only three variables: e, i , and !. This
is because two elements are absent: the mean anomaly because of
the averaging and the ascending node because of the cylindrical
symmetry. The last element, the semimajor axis a, is constant.Con-
sequently, we have a system of only three simultaneous ordinary
differential equations.

The fourth equation is completely uncoupled from the three � rst
ones. In otherwords, the longitudeof the ascendingnodeÄ is driven
by the variables .e; i; !/ without in� uencing these three variables.

The � fth equation,for the mean anomalyat epoch M0, is included
here, although it probably does not have much meaning anymore
because the mean anomaly was removed from the problem in the
averaging process. However, some authors have used the equation
for M0 in order to recover a mean anomaly M D M0 C nt .

We will later describethe propertiesof the solutionsof the preced-
ing system (18). For the time being we only mention that there are
circular solutions;when e is initially zero, it stays zero for all times.
We also see that these circular solutions have constant inclination.
On the other hand,when sin.i/ is initiallyzero it remains zero for all
times. Thus, there exist elliptic equatorialsolutions.These solutions
all have constant eccentricity.

Two First Integrals of the System
Besides the fact that the semimajor axis a remains constant, the

solutionsof the presentdouble-averagedsystem also have two other
important � rst integrals that are essentially the total energy (Hamil-
tonian) and the z component of the angular momentum.

As for the angular momentum Cz , we verify immediately from
the two � rst equations of motion (18) that

e cos i ¢ Pe C .1 ¡ e2/ sin i ¢ Pi D 0 (19)

which is equivalent to

d
dt

[.1 ¡ e2/ cos2 i ] D 0 (20)

We will write this result in the form

.1 ¡ e2/ cos2 i D C1 (21)

whereC1 is thus the z componentof theangularmomentumsquared.
We see that C1 can vary only from 0 to 1. A consequenceof this inte-
gral is that e and i are always required to vary in oppositedirections
(in the � rst quadrant).

As for the total energy and the disturbing function, they are con-
stant because they do not explicitly contain the time t . We have thus
from the formula (12) for the disturbing function R:

1
2

C 3
4
e2 ¡ 3

4
sin2 i C 3

4
e2 sin2 i ¡ 15

4
e2 sin2 i sin2 ! D C (22)

However, we will combine this integral C with the integral C1 in
order to derive a new integral that is considerably simpler. The
combination C C 3C1=4 gives

3
2
e2 ¡ 15

4
e2 sin2 i sin2 ! D C 00 (23)

or

e2
¡

2
5

¡ sin2 i sin2 !
¢

D C2 (24)

Consideringthat .sin i sin !/2 canvary onlyfrom0 to 1, we conclude
that

¡3
5

· C2 · ¡2
5 (25)

We will consider C1 and C2 as the two fundamental � rst integrals
of the problem.

It is easy to determine the upper limit of C2 for a given value of
C1. It corresponds to the lower limit of sin2 i. D 0/ or cos2 i D C1.
In this case we have from the two preceding equations

C1 D 1 ¡ e2; C2 D 2
5
e2 (26)

which gives, after elimination of e2 ,

C2 D 2
5 .1 ¡ C1/ (27)

This is a straight line in the .C1; C2/ plane, corresponding to
equatorial elliptic orbits (i.e., with zero inclination) with constant
eccentricity:

e D
p

1 ¡ C1 (28)

By using the two basic � rst integrals, we can reduce the order of
the system from 3 to 1, which means that the system is completely
integrable. A rather simple approach consists in eliminating the
inclination i with the use of the C1 integral, so that we are left with
a second-order system whose solutions can be plotted in either the
.!; e/ plane or the .k; h/ plane.Here,k and h representthe so-called
equinoctialvariables that we will often use to represent and classify
the differentorbits of this sytem: k D e cos.!/ on the horizontalaxis
and h D e sin.!/ on the vertical axis.

In this coordinate system all of the orbits are symmetric with
respectto both the horizontaland the verticalaxis. Strictly speaking,
we would thus only have to compute and integrate the orbits in the
� rst quadrant, where ! is from 0 to 90 deg.
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We will also see later that there are some elliptic � xed points on
these diagrams, on the vertical axis, thus corresponding to ! D 90
or 180 deg, with cos.2!/ D ¡1.

Another important property is that there is an important bifurca-
tion of solutionsat e D 0 and cos.i/ D

p 3
5 . This correspondsthus to

C1 D 3
5

D 0:60. The corresponding inclination is i D 0:684719203
radians or 39.23152048 deg. This angle is sometimes called the
third-body critical inclination.

The expression sin.i/ sin.!/ that is present in the equations of
motion has a simple geometricmeaning: it is equal to sin.Á/, where
Á is the latitude of the satellite when it passes its periapsis point in
its orbit.

Orbits with Given C1 and C2

In many applicationswe will have to compute orbits with a given
value of C1 and C2. Therefore it is necessary to be able to solve the
two equations (21) and (24) for e and i for instance. To do this, we
� rst eliminate the inclination i with

¡sin2 i D C1=² ¡ 1 (29)

where we havede� ned ² D 1 ¡ e2. After some simple manipulations
Eq. (24) for C2 reduces to a quadratic equation in ², (with ° D 0:6):

[sin2 ! ¡ .1 ¡ ° /]²2 C
£
.1 ¡ ° / ¡ .1 C C1/ sin2 ! ¡ C2

¤
²

C
£
C1 sin2 !

¤
D 0 (30)

In manyapplicationswe usetheinitialvalue! D 90deg for theorbits
that we integrate. So, in the case sin ! D 1, we have the following
simpler equation:

° ²2 ¡ .C1 C C2 C ° /² C C1 D 0 (31)

This quadratic equation in ² can also be written as a quadratic in e2:

° e4 C .C1 C C2 ¡ ° /e2 ¡ C2 D 0 (32)

In both cases only the roots between 0 and 1 are acceptable, of
course.

It is worthwhile to examine the discriminant of this quadratic
equation (31) in ²:

± D .C1 C C2 C ° /2 ¡ 4° C1 (33)

The double roots correspond to the values ± D 0. One of the cases
corresponds to the values C1 D 0 and C2 D ¡° . This is the point E
on the diagram of Fig. 1 described in the next section.Another such
point correspondsto C2 D 0 and C1 D ° , [.2° /2 ¡ 4° ° D 0]. This is
the point D on the same diagram. It corresponds to the bifurcation
of the circular solutions (the critical inclination) described in the
following section.

Fig.1 This fundamental(C1 , C2)diagramallowsus to makeacomplete
discussion of all of the possible types of orbits. The upper half C2 >0 cor-
responds to a circulating perigee: ! goes all of the way around, from
0 to 360 and so on. The lower half C2 < 0 corresponds to orbits with
a librating perigee: ! oscillates around 90 or 270 deg. The boundary
between the two regions, the horizontal axis ODA, C2 = 0, corresponds
to exactly circular orbits as is seen in Eq. (24) de� ning C2 . The extreme
right (C1 = 1) corresponds to circular equatorial orbits, while the ex-
treme left side (C1 = 0) corresponds to rectilinear and polar orbits. C1 is
the z component of angular momentum.

Equilibrium Solutions (Frozen Orbits)
We will showhere that there exist specialsolutionscorresponding

to constant values for all three of the orbit elements e, i , and !. We
need therefore Pe D Pi D P! D 0. A close examination of the equations
of motion shows that the three right-hand sides can be simultane-
ously zero only where sin 2! D 0 and cos2! D ¡1. In other words,
the argument of the peripasis! must be 90 or 270 deg. The equation
for ! then gives

.5 cos2 i ¡ 1 C e2/ ¡ 5.1 ¡ e2 ¡ cos2 i/ D 0 (34)

which reduces to a relation between the constant values of e and i ,

e2 D 1 ¡ 5
3 cos2 i (35)

As e must be positive, we must also have

cos2 i < 3
5 (36)

In other words, these equilibrium solutions do not exist for small
inclinations. The lowest possible inclination corresponds to the
circular orbit .e D 0/ with inclinationD 39.23152 deg (such that
cos2 i D 0:6 D ° ).

Using the � rst integral C1 shows us that these equilibrium solu-
tions existonlyfor0 < C1 < 0:6. In fact, if we set sin2 ! D 1, we have
the following three relations:e2 D 1 ¡ 5

3
cos2 i , C1 D .1 ¡ e2/ cos2 i ,

and

C2 D e2
¡
cos2 i ¡ 3

5

¢
(37)

Eliminating e2 and cos2 i in these three relations gives us a single
relation between C1 and C2:

C2 D ¡° ¡ C1 C 2
p

° C1 D ¡°
¡
1 ¡

p
C1=°

¢2
(38)

where ° D 0:6. It turns out that for any value of C1 (less than ° )
the lowest possible value of C2 is the one given by the preceding
formula.

Two Principal Classes of Solutions
In the precedingsection we discoveredan equation for the lowest

possible value of C2 for a given value of C1 . We will � rst show
here that a similar upper value of C2 can also be determined. It
corresponds to the limiting situation cos2 i D 1 (the equatorial or-
bits). The two � rst integrals reduce to 1 ¡ e2 D C1 and C2 D 2e2=5.
Elimination of e2 gives the required Eq. (27), C2 D 2

5 .1 ¡ C1/.
In the .C1; C2/ plane this equation gives thus a straight line con-

necting the points (1, 0) and (0, 2
5 ).

We conclude that all of the possible solutionswill be represented
by a point inside the quasitriangle ABEDA shown in Fig. 1. Only
the points inside the triangle ABEDA are admissible values of C1

and C2 . Consequently, there will essentially be two and only two
basic classes of orbits, according to the sign of C2.

The principal characteristics of the two classes of orbits can be
summarized as follows:

Region 1: Orbits with C2 >0
These orbits all have circulatingperiapsis.The periapsisis always

advancing.(! is always increasing.)The eccentricityand inclination
oscillate and reach their extreme values when the orbits cross the
horizontal or vertical axis in the (k, h) plane (! D 0, 90, 180, or
270 deg). These orbits exist for all values of C1: from the circular
orbit with C1 D 1 all of the way down to 0.

Region 2: Orbits with C2 < 0
These orbitshave a periapsisorbit that libratesaroundthe average

valueof 90or 270deg,where bothe and i reach theirextremevalues.
Theseorbitsexistonly forC1 between0 and 3

5 . The periapsislibrates
between two extreme values, symmetric with respect to the vertical
axis ! D 90 or 270 deg. It can never go through 0 or 180 deg.
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Boundary Orbits
In the present section we will give a separate description of the

orbits corresponding to the segments AB, AD, DO, ED, OB, and
OE in the triangle ABEDA of Fig. 1.

Segment AB
The orbits correspond to 2.1 ¡ C1/ D 5C2, as has been seen be-

fore. Substituting for C1 and C2 the expressions (21) and (24) gives
the following relation between the three orbit elements e, i , !:

sin2 i ¢
£

5
2
e2 sin2 ! C .1 ¡ e2/

¤
D 0

Normally only the � rst of the two factors is zero: sin2 i D 0 or i D 0
or 180 deg. These are thus the planar (equatorial)ellipticorbits,with
constant eccentricitye2 D 1 ¡ C1 and with increasing! (advancing
periapsis).

We note that the second factor can only be zero if each of the two
terms vanishes: e D 1 and sin2 ! D 0. This corresponds to point B,
where C1 D 0 and C2 D 2

5 .

Curve ED
This curve has been well described before. It corresponds to the

equilibrium solutions with constant e and i , related by Eq. (35),
e2 D 1 ¡ 5

2
cos2 i , as well as a constant ! D 90 or 270 deg. They

only exist for C1 < 3
5 . Note that these � xed points are of the elliptic

type: they are surroundedby small ovals. Therefore, these solutions
are called stable beacuse an initially small perturbation from the
� xed point will remain small.

Segment DA (C2 = 0)
This segment corresponds to stable circular orbits; e D 0.

Segment OD (C2 = 0)
This segment corresponds to the con� guration sin2 i sin2 ! D 2

5
.

These orbits are the separatrices between the two major classes 1
and 2 of orbits described in the preceding section. The eccentricity
e tends towards zero or away from zero.

Segment BE (C1 = 0)
As a consequenceof theangularmomentumintegral,this segment

must correspond to polar orbits .cos2 i D 0/ or to rectilinear orbits.
For all polar orbits the eccentricity tends to 1.

Point A (C1 = 1; C2 = 0)
This point corresponds to e D 0 and sin2 i D 0: the circular

equatorial orbit.

Point B (C1 = 0; C2 = 2
5

)
This point represents the rectilinear orbit with e D 1 and with

arbitrary inclination as well as sin2 ! D 0.

Point D (C2 = 0; C1 = 3
5

)
This is the bifurcation point (e D 0 and cos2 i D 3

5
: i D

39:23152 deg). The periapsis ! is unde� ned. It is at this point that
the second class of orbits (with librating periapsis) � rst appears (in
the order of decreasing values of C1 , from 1 to 0). In other words,
this is the � rst valueof C1 whereorbitswith negativeC2 are possible.

The 39.23152-degcritical inclination has been discussed by sev-
eral authors. It is already in Kozai’s paper,1 which is concerned
solely with the solar system and the asteroid belt. Just about all of
the asteroids have an inclination less than roughly 39 deg in the
ecliptic frame.

Point E (C1 = 0; C2 = ¡¡ 3
5
)

This point represents polar orbits .cos2 i D 0/ with arbitrary ec-
centricity and ! such that e2.5 sin2 ! ¡ 2/ D 3. A special case is the
rectilinear orbit with e D 1 and sin ! D §1.

Point O
This can represent any one of the following three types of or-

bits .C1 D C2 D 0/: 1) circular polar orbits with initially unde� ned
periapsis ! (e D 0, cos2 i D 0), 2) polar orbits with arbitrary eccen-
tricity and with sin2 ! D 2

5 , and 3) rectilinear orbits with arbitrary
inclination .e D 1/ and ! such that

sin2 i sin2 ! D 2
5

Contour Plots of the Solutions
It is possible to display the solutions in the .!; e/ plane or in the

(k; h) plane without actually integrating the equations of motion.
Instead we draw level curves with the use of the two � rst integrals
C1 and C2.

For instance, we can express C2 as a function of e, !, and C1:

C2 D e2
©
0:4 ¡

£
1 ¡ C1

¯
.1 ¡ e2/

¤
sin2 !

ª
(39)

This equation will give different curves C2 , as a function of e and
!, all corresponding to the same constant value of C1.

In a similar fashion we can also express C2 as a function of h and
k:

C2 D 0:4.h2 C k2/ ¡
£
1 ¡ C1

¯
.1 ¡ h2 ¡ k2/

¤
h2

Discussion of the Orbits in the (k, h) Plane
We will comment here on the properties of the orbits in terms of

the space phase plots. We refer to the (k, h) diagram (Fig. 2). In
these diagrams the circular orbits h D k D 0 are at the origin that is
called a � xed point. In general, the radius vector is the magnitudeof
the eccentricity, and the polar angle is the argument of the perigee.

As for the de� nition of stability, it is generallyaccepted in mathe-
matics and dynamics that a � xed point is stable, if it is of the elliptic
type.That means that the curvesaroundit are small ellipsesor ovals.
That also means that a small initial perturbation will not grow too
fast. So, eccentricity would not grow too fast.

A � xed point is unstableif it is of the hyperbolictype. That means
that thecurvesclose to it arehyperbolas.That alsomeans that a small
initial perturbation will grow fast. So, eccentricity would increase
fast. This would especially go very fast if we happen to be on an
asymptoteof the hyperbola.This is calleda stable-unstablemanifold
in the modern dynamics literature, and the transition from stable to
unstable circular orbits is called a pitchfork bifurcation.

In terms of the classi� cation in Fig. 1, on the segment DA, where
i is less than 39 deg, circular orbits are stable because the only
possible nearby orbits are above the line DA, which are the ovals
with small variations in e.

On the other hand, on the segment OD, where i is larger than
39 deg, they are unstable because there are possible nearby orbits
below the line OD, which give hyperbolaswith large variationsin e.

Fig. 2 This � gure shows a typical phase diagram.The x axis represents
e cos ! and the y axis e sin !. The curves give thus the evolution of the
eccentricity e as well as the perigee location !. Here i is greater than
39 deg. It shows a hyperbolic point at the center e = 0, which is the
unstable circular orbit. It also shows the two elliptic � xed points, which
are the two stable frozen orbits. One is at ! = 90 deg, and the other is
at ! = 270 deg. This is the generic situation in region 2; (C2 < 0) of the
fundamental(C1, C2 ) diagramofFig. 1.The two different kindsof orbits
are shown here, with circulating as well as with librating perigee.
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If we take a point just below the segment OD, even by an in� nites-
imal amount, we obtain a new orbit whose eccentricity increases
very fast, possibly up to 1.0 (Fig. 2). When we talk about hyperbo-
las here, we mean it in the (k, h) diagram. The orbits themselvesare
of course elliptic.

The de� nitionof stableorbitsbeing that theremust be small ovals
around the � xed points in the (k, h) plane also applies to the frozen
orbits, which are thus stable.They are the � xed point at the centerof
two families of small ovals in the phase diagram at 90 and 270 deg.

Veri� cation of the Numerical Integration
It is well known that in all cases where the perturbing body is

in a circular orbit (whether we average or not) the component of
the satellite’s angular momentum perpendicular to the perturbing
body orbit remains constant.This is the Jacobi integral. It is also the
Hamiltonian in the corotating frame of reference. It can be written
in the form

J D ¡Gm0=2a ¡ !0
p

Gm0a.1 ¡ e2/ ¡ R

In the single-averaged model the semimajor axis a is also con-
stant. As we have seen in the preceding sections, in the double-
averagedmodel the disturbing functionR remains constant,as well
as the polar angular momentum

Cz D
p

¹a.1 ¡ e2/ ¢ cos i

We use three of these integrals a, Cz , and R to derive the two
more simple integrals C1 and C2.

Conclusions
We performeda double averagingto the third-bodyperturbations

in order to eliminateall the periodicterms.The remainingdynamical
system is integrable, and the types of solutions were discussed in a
very simple geometric diagram (Fig. 1) based on two � rst integrals.
It appears that a critical inclination of about 39 deg plays a rather
important role.

We have stable circular orbits as well as elliptic orbits with circu-
latingperiapsisfor i less than 39 deg. At that point the circularorbits
becomeunstable,but two stableelliptic frozenorbitsare born.When
i is greater than 39 deg, the frozen orbits are surroundedby elliptic
orbits with librating perigee and fairly small eccentricityvariations.

Acknowledgments
I thank some of my studentswho have helped me in this research,

mainly to push the expansionto higher order than what is presented

here.They are especiallyRobert Werner (nowat Jet PropulsionLab-
oratory, California Institute of Technology, Pasadena, California)
and Antonio Prado at National Institute for Space Research, Brazil.
I also thank B. Kaufman for several discussionsand for sending me
his paper, which already contains the short-period averaging.

References
1Kozai, Y., “Secular Perturbations of Asteroids with High Inclination and

Eccentricity,” Astronomical Journal, Vol. 67, No. 9, 1962, pp. 591–598.
2Lidov, M. L., “Evolution of Orbits of Arti� cial Satellites Affected by

Third-Body Perturbations,” AIAA Journal, Vol. 1, No. 8, 1963, pp. 1985–
2002.

3Anderson, J. D., “Long-Term Perturbations of a Moon Satellite Due to
the Earth and the Sun,” Jet Propulsion Lab., TM 312-172, Pasadena, CA,
Feb. 1962.

4Lorell, J., “Precession Rates of an Arti� cial Satellite Due to a Third
BodyPerturbation,”Jet PropulsionLab., TM 312-175,Pasadena, CA, March
1962.

5Williams, R. R., “Long-Term Behavior of Arti� cial Satellite Orbits Due
to Third-Body Perturbations,” Jet Propulsion Lab., TM 312-350, Pasadena,
CA, Sept. 1963, p. 47.

6Kovalevsky, J., “Sur le Mouvement d’un Satellite d’une planete a Eccen-
tricite et InclinaisonQuelconques,”Vol.258,ComptesRendusde l’Academie
des Scences de Paris, 1964, pp. 4435–4438.

7Harrington, R. S., “Dynamical Evolution of Triple Stars,” Astronomical
Journal, Vol. 73, No. 3, 1968, pp. 190–194.

8Harrington,R. S., “The Stellar Three-BodyProblem,”Celestial Mechan-
ics, Vol. 1, No. 2, 1969, pp. 200–209.

9Lidov, M. L., and Ziglin, S. L., “The Analysis of the Restricted Circular
Twice-Averaged Three-BodyProblemin the Case of Close Orbits,”Celestial
Mechanics, Vol. 9, No. 2, 1974, pp. 151–173.

10Lidov, M. L., and Ziglin, S. L., “The Non-Restricted Double Averaged
Three-Body Problem in Hill’s Case of Close Orbits,” Celestial Mechanics,
Vol. 13, No. 4, 1976, pp. 471–489.

11Ferrer, S., andOsacar, C., “Harrington’s Hamiltonian in the Stellar Prob-
lem of Three Bodies,” Celestial Mechanics, Vol. 58, No. 3, 1993, pp. 245–
275.

12Kinoshita,H., and Nakai, H., “Secular Perturbationsof FictitiousSatel-
lites of Uranus,” Celestial Mechanics, Vol. 52, No. 3, 1991, pp. 293–
303.

13Kwok, J. H., “Long-Term Orbit Prediction Using an Averaging
Method,” AIAA Paper 84-1985, Aug. 1985.

14Kwok, J. H., “DoublyAveragingMethod forThird BodyPerturbations,”
American Astronautical Society, Paper 91-464, Aug. 1991.

15Collins, S. K., and Cefola, P. J., “Double Averaged Third Body
Model for Prediction of Supersynchronous Orbits over Long Time Spans,”
American Astronautical Society, Paper 79-135, June 1979.

16Kaufman, B., and Dasenbrock, R., “Long-Term Behavior of Earth and
Lunar Orbiters,” Journal of Spacecraft and Rockets, Vol. 10, No. 3, 1973,
pp. 380–383.


